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Pivot Yoga: main features  TURINGSENSE

* Yoga clothes embedding invisible inertial sensors;
e Showing to the user his/her body posture on the TV screen;
e Real-time comparison with teacher’s posture;

* Real-time human motion capture (full body);

Indoor application: NO MAGNETOMETERS
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Why do we measure stuff?  TURINGSENSE

“In order to determine whether a system is performing properly, and ultimately to control the

system performance, the engineer must know what the system is doing at any instant of time. In

other words the engineer must know the state of the system” [Jazwinski]

Sensor
Inner state of the

system

Physical phenomenon

Control action

“There is no substitute for a good sensor” [D. Hall]



Why Kalman Filters then? ~§ TURINGSENSE

...because we wanted to go to space!



How did it happen?

R. E. KALMAN

Research Instituts for Advanced Stuay,?
Baitimore, M. Sharmon

A New Approach to Linear Filtering
and Prediction Problems'

The classical filtering m’ prediction problem is re-examined using the Bode-
om pr and the “state trancition” method of

P

memory filters.

Introduction

A\ IMPORTANT class of theoretical and practical
problems in communication and control is of a statistical nature.
Such problems are: (3) Prediction of random signals; (u) separa-
tion of random signals from random noise; (iii) detection of
signals of known form (pulses, smusoids) in the presence of
random noise.

In his pioneering work, Wiener [1]’ showed that problems (1)
and (i) lead to the so-called Wiener-Hopf integral equation; he
also gave a method (spectral factorization) for the solution of this
lmegral equation in the practically important special case of
stationary statistics and rational spec‘n

Many and g 1ons followed Wiener's basic
work. Zadeh and RA.;:mm solved the finite-memory case [2].
Concurrently and mdependently of Bode and Shannon [3], they
also gave a simplified method [2] of solution. Booton discussed
the nonstationary Wiener-Hopf equzhou [4] Tllese usuhs are
now in standard texts [5-6]. A along

analvsis of dvnamic systems. .\n results are:
(1) The formulation and method: of solution of the problem apply without modifica-
tion to stationary and monstationary statistics and to growing-memory and infinite-

(2) A nonlinear difference (or differential) equation is derived for the covariance
matrix of the optimal estimation exvor. From the solution of thiz equation the co-
efficients of the difference (or differential) equation of the optimal linear filter are ob-
rained without firther calculations.

(3) The filtering problem is shown to be the dual of the noise-fres regulator problem

The new method dsveloped here is applied to two well-knovmn problems, confirming
and extending earlisr results

The discussion is largely self-contained and proceed: from first principles: basic
concepts of the theory of random processes are reviewed in the Appendix.

Present methods for solving the Wiener problem are subject to
2 number of limitations which seriously curtail their practical
usefulness:

(1) The optimal filter is specified by its impulse response. It is
not a simple task to synthesize the filter from such data.

(2) Numerical determination of the optimal impulse responze is
often quite mvolved and poorly suited to machme computation.
The situation gets rapidly worse with increasing complexity of
the problem.

(3) Important generalizations (e.g., growing-memory ﬁhm

d: ) require new denv of
iderable difficulty to the peciali

(4) The mzthmahcs of the derivations are not transparent

and ther tend to be

i:bscumd
Thus paper mtroduces a new look at this whole assemblage of
pmble:_ns sidestepping the difficulties just mentioned. The

thesemamlmzshasbeenzx.urecmh by Daxlmgl [7]. For
extensions to sampled signals, see, e.g, Franklin (8], Lees [9].
Anocther approach based on the eigenfunctions of the Wiener-
Hopf equation (which applies also to nonstationary problems
whereas the preceding methods in general don’t), has been

pioneered by Davis [10] and lmdb\ many others,
Sbmbmt [11], Blum [12], Puncbr [13], Solodovnikov [14].

In all these works, the objective is to cbtain the specification of
a l:ulr dynamic s\-slcm (\\ tener filter) which accomplishes the
of a random signal *

This research was supported in pant by the U. S. Air Force Office of
Scientific Research under Contract -\FAQ (638)-382.
? 7212 Bellona Ave.
Numbers in brackets

designate References at end of paper.
'O{cmmgmﬁmen_hm\ be done better by nonlinear
filters. At present, however, linle or nothing is kmown about how to obtain
Mmmau\ndmmaﬂ\)mm]mwﬁ.hm
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a!eﬂu’ hlights of the paper:

(5) Oprimal E: s and Orth i Projecti The
Wiener problem is zpptmched from the pont of view of condi-
tional distributions and expectations. In this way, basic facts of
the Wiener theory are quickly obtamad; the scope of the results
and the fundamental assumptions appear clearly. It is seen that all
statistical caleulations and results are based on first and second
order averages; mo other statishcal data are needed Thus
difficulty (4) is eliminated This method is well known in
probability theory (see pp. 73-78 and 148155 of Doob [15] and
pp. 455464 of Loéve [16]) but has not yet been used extensively

in engineering

(6) Models for Random Proce:zes. Following, in particular,
Bode and Shanmon [3], arbitrary random signals are represented
(up to second order average statistical properties) as the output of
2 linear dynamic system excited by independent or uncorrelated
random signals (“white nose”). This is a standard trick in the
engineering applications of the Wiener theory [2-7]. The
approach taken here differs from the mmezmnmlaneanlymd:a
way in which linear dynamic systems are described. We shall
emphasize the concepts of srate and state pransition: in other
words, linear systems will be specified by systems of first-order
difference (or differential) equations. This point of view is

]Transanh‘ons of the ASME—Journal of Basic Engineering, 82 (Series D): 35-45. Copyright & 1960 by ASME ]
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PIVOT TO PERFECTION
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Rudolf Kalman % TURINGSENSE
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Rudolf Kalman receives the National Medal of Science, 2008



A hot problem § TURINGSENSE

liquid fuel
|IC|I-JIF| External Inner
oxidizer Temperature Tore = HGEED Temperature
Text Tin

pumps

N1

Eﬁ?rgl;:,ion .“I Working temperature:
\ 5500 °C
, Inner
hot gasses TempTerature

https://it.mathworks.com/videos/understanding-kalman-filters-part-1-why-use-kalman-filters--1485813028675.html



Getting serious... § TURINGSENSE

PIVOT TO PERFECTION

Hliquid

Process model

liquid fuel > '3
Tin = f(Tin, Hliquid)

liquid
oxidizer

pumps

combustion in
chamber

hot gasses

Measurement model

Tm‘ Text an h(Tin)




Getting serious...
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PIVOT TO PERFECTION

Hliquid

liquid fuel

liquid
oxidizer

pumps

combustion
chamber

hot gasses

Process model
Tin = f(Tin» Hliquid)

=~

in

Measurement model

Text an h(Tin)

o

ext




Getting really serious...

Hliquid

 TURINGSENSE

PIVOT TO PERFECTION

liquid fuel

liquid
oxidizer

pumps

combustion
chamber

hot gasses

Text

’fin = f(Tinr Hliquid)

+K[h(Tin) = h(Tin)]

Process model

T.

n

Measurement model

Text = h(Tin)

h(Tin) — h(Tin)

e

T

ext

State observer

Iff(Tl-n, Hliquid) and h(Ty,) are linear functions then e = T}, — T;,, will tend to zero with an

exponential decay



V4
Let’s recap _§ TURINGSENSE

State Observers

Given what | see here and
what | know, what’s

e Information fusion algorithms;
happening over there?

* Available measurements + dynamical

system model;

* Estimate what you cannot measure;

e Closed-loop framework;



Linear state-space model  TURINGSENSE

vector state F,, : state transition matrix; measurement state
21 V1
— | H,: measurement matrix; = | :
k k Yi
XN k YMm k

xk a Fkxk_l -1 Wy,
Yx = Hyxy, + vy

w;, and v, white Gaussian noise vectors

; =k Ry, | =k ,
Elw,w]]| = {QOI" il;t . Elv,v] | = {O,k i g Elw,v]| =0 forallkandi



More vocabulary § TURINGSENSE

Dynamical model State-space representation Multi-Input Multi-Output
LINEAR

Time-variable
N — Fkxk_1 - Wi,
Vi = Hpxy + vy,

Stochastical model Markov process model

The state vector iIs a random vector!
(aka multivariate random variable)



A linear model for a rocket...really? )TURlNGSENSE

Can you decribe your system with

liquid fuel :
this model?

liquid
oXidizer

X = Fkxk_l - Wi,

pumps

combustion
chamber

Yr = Hyxy + vy

hot gasses

If you can, your Kalman filter is 90%

External Inner done
Temperature Temperature
15

ext in




The remaining 10% TURINGSENSE

Measurement Update (“Correct™)

Time Update (“Predict™)

(1) Compute the Kalman gain

(1) Project the state ahead > _ pul - T -1
ect the sta K, = PHT(HP;HT + R)
Y, = AX,_ |+ Bu,

(2) Update estimate with measurement z;

(2) Project the error covariance ahead 1 r = iA + K k( 2y — H i,\)
P,\ = APA_ _ lAT 15 Q (3) Update the error covariance

Initial estimates for X, , and P, _,



A Kalman Filter is... § TURINGSENSE

 An optimal state observer (least squares sense*);

e Bayesian estimator: it estimates probability density functions, NOT

deterministic values!

A Recursive Bayesian estimator: prediction + correction recursion;

 Aninformation fusion method;

e A sensor fusion method;

*See the beautiful article: Least squares estimation: from Gauss to Kalman, Soreson, 1970



Wait...sensor fusion?  TURINGSENSE

PIVOT TO PERFECTION

Sensor fusion are computational methods for:
- Merging multiple data sources;
- Improving accuracy and/or robustness through
Sensing complementarities;

Sensors cooperation;

see another beautiful paper An Introduction to Inertial and Visual Sensing, Corke, 2007



Question § TURINGSENSE

How can the Kalman filter become a sensor fusion method?
Hint

xk — Fkxk_l -+ Wy,
Y = Hpxy + vy

Method 1 (easier): Method 2 (more advanced):

Collecting multiple variables in the Using sensor data to model system

measurement vector yy; dynamics F;
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Vectors and orientations TURINGSENSE

vn

R hn pn\~1 _ pbn,n
= -(q7") =R
0
/_// Conventions:
b :
//‘ {b.}: Body reference frame at the k-th instant;
X {n}: Navigation reference frame (fixed);

2" =[91 92 93 Qq4]%: quaternion which rotates a

vector from {n} to {b,};

_________________________________________________________________________________________________________________________________________

the best reference ever, A survey of attitude representation, Shuster 1967



A KF for tilt angles estimation ~§ TURINGSENSE

Problem:
t||t Sensor
plt
-roll "‘
local horizontal plane 'L gravity
vector
Tools:

Gyroscopes Accelerometers Kalman filters




Inertial sensors: accelerometer

~§ TURINGSENSE

PIVOT TO PERFECTION

Accelerometer measurement model:

_gfc’_ _ag_ g2: reaction to the gravity;
S h b S e b
Y =grtaptv=|gy| +|ay| +v* a: body acceleration;
gt ob
I2d L2 dk v3°“: random white noise
—sin(pitch)
b . .
If the body is not accelerated: Vi< = g + v = |sin(roll) cos(pitch) | + v

cos(roll) cos(pitch) .

Y\ tilt sensor /’

local horizontal plane L gravity
vector

see Estimating Three-Dimensional Orientation of Human Body Parts by Inertial/Magnetic Sensing, Sabatini, 2010



Inertial sensors: gyroscopes

Gyroscopes measurement model:

b
(‘)x
OWass = b gyr- b
b
e k
Strap-down integration:
bn _ b bn
qir1 = Py, Ts) - q,
0 -w! w)
exp([w? X]Ts) = exp| | w? QP
—w) ol 0
0 w? —a)JIZ w?
—w? 0 w? a)JIZ
D (wy, T) = exp o L

gyr
A 147

bn
Vi1 =

TURINGSENSE

PIVOT TO PERFECTION

—exp([wz X]Ts)v2"

|wb‘Ts) sin(‘w%‘h) Ob

b

_wjlg

Ts

LSMEDSL - Static - Integration

error angle, deg

220t : . . L
0 50 100 150 200 250 300
time, s

Unbounded drift error



Back to work _$ TURINGSENSE

Creating the ideal accelerometer with a Kalman filter

yor g}
P |
Kalman filter
yacc b
h 4 L
i —sin(pitch)
Computing body pitch and roll gk =lsin(roll) cos(pitch)‘
cos(roll) cos(pitch)],
-
Tools: Wy
v = wh + v = |wd| + v
b
ka = Fpx,_1 +wyg 19z Iy
* o] [at
_ Yk = Hpxy + vy y¥c = gh +ab +vic = |gb| +|ab| +vgee
b b
9z 1. ldzis




Step 1 _ TURINGSENSE

What should | put in the state vector?

ka+1 = Fpx;, + w, N /

< -roll @m'ygﬂ /
i local horizontal plane l gravity

Ve — H,x, + v,

Let’s rewrite the accelerometer measurement model:

-~
acc )

b
YR = gp +ag +vpc = Iz 1] [zk
k

Looks like a good idea to assign:

b
e [glg] Hy=H=[I3 I;] v, = U



Step 2a _§ TURINGSENSE

What about the state transition matrix?

( b b
\gllj = Fk [gllj_l + Wi
a a,_1

ﬁ

gb
et 1[0 o

b
L aj
gr i g1 gr [? 03] g1 gr| _ [Rk=1 05] (9K
gLl 2 ay B Yl o ay 0; o 2ol
b b b b b b
k| _ —exp([wy, X]T;) 03 [gk-1 gi| _ |—explwyTs] 03 |[Gr-1
aj; 03 ? | lap_, aj, 0; cal3||af_,




Step 2b _§ TURINGSENSE

Almost done:

(T 4D e b b
-t

a? 0, el
$
gb
ety 1% e
\ a
Done:
(T ..b b gyr
1 —eXp([wz X]Ts) 03 [[Gk-1 it _[92—1 X|Ts 03 | Yk
9 0 c, I b 0 cpl GM
a 3 al3l |Ar_q 3 b131 1LYk
<
gb
yee =it 151 |%%| + g
\ a

see A Novel Kalman Filter for Human Motion TrackingWith an Inertial-Based Dynamic Inclinometer, Ligorio, 2015
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Human motion capture § TURINGSENSE

We ported our Kalman filter code in
our Pivot Units;
Our 20 subjects wore 14 Pivot units;

We collected VICON ground-truth

data;
e ©
-~ h
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Fourteen copies of our Kalman filter at work!



Prototype validation
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Publications on international journals are (hopefully) coming soon!
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A special thanks to our

Ruggero Ruggeri
£8 i yoga teachers

Chaitanya Mayi

www.atmayoga.it
Arianna Renzetti

Thanks for your attention! Umberto Iglina

Flavia Marchetti

www.yogawave.it

www.umbertoiglina.it




